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Finite Element Nonlinear Panel Flutter with
Arbitrary Temperatures in Supersonic Flow

David Y. Xue* and Chuh Meif
Old Dominion University, Norfolk, Virginia 23529

A finite element frequency domain method for predicting nonlinear flutter response of panels with tempera-
ture effects is presented. From the principle of virtual work, the element nonlinear stiffness formulation for a
panel under combined thermal and aerodynamic loads is derived, considering von Kirman’s large deflection
plate theory, the first-order piston theory aerodynamics, and quasisteady thermal stress theory. The system
equations of motion can be mathematically separated into two sets of equations and solved sequentially. The
first set of equations yields the panel thermal-aerodynamic equilibrium, and the second set of equations of
motion leads to the flutter limit-cycle oscillations. They can be used to defermine stability and flutter
boundaries. Finite element large-amplitude limit-cycle flutter results at different uniform temperatures are
obtained for a simply supported square panel and are compared with existing Galerkin/time integration and
other finite element solutions. Effects of nonuniform temperature distributions, panel length-to-width ratios,
and boundary conditions on flutter responses of rectangular and triangular panels are presented.

Nomenclature
[A], [D] = in-plane and bending stiffness matrices
[a.], [A,] = element and system aerodynamic influence
matrices
a b, h = plate length, width, and thickness
c = maximum limit-cycle amplitude
D = bending rigidity, Eh3/12(1 — »?)
{e} = membrane strain vector
2 = nondimensional aerodynamic damping
[x1, [K] = element and system stiffness matrices

M, = Mach number (freestream)

{M}, {N} = moment and force resultant vectors

[m], [M] =-element and system mass matrices

[n1], [n2], = element and system nonlinear stiffness matrices
[N1], IN2],

[K1], [K2]

Da = aerodynamic pressure loading
{p}, {P} =element and system forces

u, v, w = element displacement functions

{fw}, { W] = element and system nodal displacements

X, ¥, Z = coordinate axes

o = panel damping rate or coefficient of thermal
expansion

AT = temperature

{e}, {o] =total strain and stress vectors

{«}, = curvature, eigenvalue

A = nondimensional dynamic pressure,
2ga’/DNM?Z —1

[P} = mode shape

Q = complex panel motion parameter, o + iw

1) = frequency

Subscripts

b = bending

cr = critical

l = limit cycle, linear
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m = membrane
nl = nonlinear
= static
t = time dependent
Introduction

ANEL flutter is a self-excited oscillation of a plate in

supersonic flow. Panel flutter differs from wing flutter
only in that the aerodynamic force resulting from the airflow
acts only on one side of the panel. In the framework of small
deflection linear structural theory, there is a critical speed of
the airflow (or dynamic pressure A.) beyond which the panel
motion becomes unstable and grows exponentially with time.
Linear theory determines the critical dynamic pressure, fre-
quency of vibration, and mode shape at the instability but
usually gives no direct information about the panel deflection
and stresses. Thus, the fatigue life of the panel cannot be
predicted. A great quantity of literature exists on linear panel
flutter using different aerodynamic theories, for example,
Refs. 1 and 2, and many others. In reality, the panel not only
bends but also stretches due to vibrations with large ampli-
tude. Such membrane tensile forces in the panel provide a
limited stabilizing effect that restrains the panel motion to
bounded-amplitude limit-cycle oscillations, and the amplitude
increases as the dynamic pressure increases. The external panel
of a flight vehicle thus can withstand velocities beyond the
critical value. Application of the nonlinear structural theory,
which takes into account the induced membrane forces due to
large deflections, yields not only the limit-cycle oscillating
frequency but also panel deflections and stresses. With the
maximum cyclic stress obtained together with the stress cycles
to failure (S-N curve) material data, panel fatigue life can thus
be estimated.? Two excellent surveys on nonlinear and linear
panel flutter are given by Dowell* and, most recently, by Reed
et al.’

The aerodynamic theory employed for the most part, and
also for the present study, for panel flutter at high supersonic
Mach numbers? (M., > 1.6) is a quasisteady first-order piston
theory aerodynamics.® The theory calculates the aerodynamic
loads on the panel from local pressures generated by the
body’s motion as related to the local normal component of the
fluid velocity. The primary acrodynamic force is proportional
to the local panel slope. The other force, which is the aerody-
namic damping force, is proportional to the transverse panel
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velocity. Hence, the damping force is usually combined with
the inertial force to yield an effective inertial force.

A number of classical analytic methods exist for the investi-
gation of limit-cycle oscillations of panels in supersonic flow.
In general, Galerkin’s method is used in the spatial domain,
where the panel deflection is expressed in terms of two to six
or more linear normal modes; and various techniques in the

temporal domain such as the numerical integration,”® har- -

monic balance,!%!? and perturbation'?!? methods, to cite a
few, are employed. All of the analytical investigations have
been limited to two- or three-dimensional rectangular plates
with all four edges simply supported or clamped. The classic
approaches also indicated that at least six linear normal modes
are required for a converged limit-cycle amplitude.

Application of the finite element method to study linear
panel flutter was due to Olson.!* Because of its versatile appli-
cability, effects of general temperature distribution, aerody-
namic damping, complex panel configuration (for example,
delta planform'¥), airflow angularity, in-plane prestress, and
laminated composite materials can be easily included. Exten-
sions of the finite element methods to study supersonic/hyper-
sonic limit-cycle oscillation of two-dimensional isotropic pan-
els were given by Mei,!* Rao and Rao,'® Sarma and Varadan,'’
and Gray et al.!%; three-dimensional isotropic panels by Mei
and Weidman,'® Mei and Wang,?® and Han and Yang?!; and
laminated composite panels by Dixon and Mei?? and Liaw and
Yang.?

In most of the classic and finite element nonlinear panel
flutter studies, the effects of uniform temperature change are
treated by an equivalent system of mechanical loads. Few
linear panel flutter studies have dealt with temperature dis-
tributions directly.2*?’ Because of the resurgent interest in
flight vehicles, such as the High-Speed Civil Transport and the
National Aero-Space Plane, the thermal effects due to non-
uniform temperature distribution on limit-cycle motions of
‘panels of complex configuration need to be addressed. Xue
and Mei® have extended the finite element method to investi-
gate the nonlinear flutter responses of two-dimensional panels
with temperature distribution A7'(x). The thermal environ-
ment can affect panel motions by introducing thermal in-plane
forces and bending moments. Although mechanical loading
can simulate and substitute for some simple temperature dis-
tributions, thermal stress analysis is necessary since simple
mechanical loading cannot be substituted for complex temper-
ature distribution. '

This paper presents a consistent finite element formulation
for analysis of large amplitude limit-cycle oscillations of panels
of general planform with the influence of nonuniform temper-
ature distribution AT(x, y, z). The von Kdrman large-deflec-
tion plate theory is used to account for large thermal-aerody-
namic deflections and large-amplitude limit-cycle oscillations,
the quasisteady first-order piston theory is employed for aero-
dynamic loading, and the quasisteady thermal stress theory is
applied for the thermal effects with a given temperature distri-
bution. The finite element system differential equation of
motion contains a time-independent thermal load vector. The
total panel motion is thus the sum of a time-independent static
equilibrium (particular) solution and a time-dependent self-
excited dynamic (homogeneous) oscillation. The system equa-
tion of motion is then separated into two sets, static equi-
librium and dynamic equations. They are nonlinear and
coupled due to the simultaneously applied aerodynamic and
thermal loads. The static equilibrium solution gives the ther-
mal deflection of the panel with the influence of dynamic
pressure, and it also yields the stability boundaries that distin-
guish panel behavior into flat panel, buckled panel, harmonic
motion, and chaotic (snap-through) motion. Conversely, the
solution from the set of dynamic equations of motion gives the
large-amplitude limit-cycle flutter responses and dynamic (or
flutter) stability boundaries. The present finite element formu-
lation and the solution procedures are believed to be the first
to study nonlinear flutter of panels of complex configuration

with general temperature distribution. The modeling of com-
plex configuration of panel planforms is accomplished by the
use and the development of nonlinear stiffness and aerody-
namic influence coefficient matrices for a discrete Kirchhoff
theory (DKT) triangular plate element.?®-3° Finite element
large-amplitude panel flutter results with uniform temperature
distribution are compared with existing numerical time inte-
gration® and other finite element limit-cycle results. Effects of
different temperature distributions, panel length-to-width ra-
tios, and boundary conditions on nonlinear flutter responses
and stability boundaries of rectangular and triangular panels
are investigated.

Finite Element Formulation

The von Karmén strain-displacement relation for a general
plate element undergoing both extension and bending at any
point z through the thickness is the sum of membrane and
change of curvature strain components as

€x
e L ={e}+z(«]
Yxy
Ux W,%( = Woxx
vy + 2 w3 +z d-wy (¢))
U, + vy 2w w, —2W,y

For an isotropic elastic thin plate subjected to a temperature
variation AT (x, ¥, z), the stress-strain relation is given by

Ox €x
EaAT
{o}= Jo, L=[E]l] ¢ 1=, @
Txy Yxy

where [E] is the material stiffness matrix given next, « is the
thermal expansion coefficient, and v is the Poisson’s ratio:

1 » 0
E
[E]l= = | 1 0 3)
0 0 “%(l-v»)

The force and moment resultants are defined as

h2 .
{V, M}=§ (1, 2){o} dz @
~h/2
which leads to
{N] =[Al{e} — {Nar} )
{M} =[D]{x} — {Myr} (6)

where [A] = h[E] and [D} = (h3/12)[E] are the in-plane and
bending stiffness matrices; { Nar} and { M7} are the thermal
force and thermal moment vectors.

The first-order piston theory aerodynamics*S is given by

~ 2q +M§°—21w>
Pa = M -1 W.x ME_1V ot
D . D
=_<>\—3w,x+—g—;w,,> Q)
a wo

where ¢ = p,V'?/2 is the dynamic pressure, p, the air density,
V the airflow speed, M., the Mach number, a the panel length,
D = Eh3/12(1 — »*) the bending rigidity, and w, = (D/pha*)*
a convenient reference frequency, and the nondimensional
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dynamic pressure and aerodynamic damping coefficients are
given by

N 242 VM- ®
DVMZ — 1 8 = ohwME — 1)

The principle of virtual work for a structure in equilibrium
states that

SW = Wi — Wexe = 0 ©)
where

‘SVI/intZSA({‘Se}t{N}+ {ox}'{M}) dA4 10

W = [ 6W(—phW + p,) dA an

and where p, A, and A are the mass density, thickness, and
area of the plate element, respectively. With the application of
virtual work and the use of finite element expression, the
equations of motion for a plate element subjected to a temper-
ature change AT(x, y, z) and dynamic pressure A simulta-
neously can be written as

1 0]§w 0ff{w ., 0
=1 | MR- R O
Wl 0 0lUn)  wo L0 0l U, 00
ki, —
+[b kar 0 +1[n1Nm 7 Lom
0 km 2 nl, 0

11n2 0 Wp Dpar

3 [ 0 OD {wm} [pmu} + i a2
where {w,} and {w,} are the element nodal bending and
membrane displacement vectors; [m], [g], [a;], and [k] are the
element mass, aerodynamic damping, aerodynamic influence,
and linear stiffness matrices, respectively; [knar] is the geo-
metric stiffness due to thermal forces; [#1] and [#2] are the
nonlinear stiffness matrices that depend linearly and quadrati-
cally on element displacements, respectively; and { pa7} and
{f} are the element thermal load and internal equilibrium
force vectors. All element matrices are symmetrical except the
aerodynamic influence matrix [q,], which is skew symmetric.
The detailed derivation of the equation of motion, Eq. (12), is
given in Ref. 31.

System Equations and Solution Procedures
By summing up the contributions from all of the elements
and taking account of the kinematic boundary conditions, the
system equations of motion for a given panel of general plan-
form subjected to a combined temperature and airflow can be
written in the matrix form as

1 . . .
— IMI(W} + 52 [G1{W) + (A, + K]
Wy Wo

—[Knarl + 2[N1] + IN2D{W} = { Par) 13)

Equation (13) is a set of nonlinear ordinary differential equa-
tions with respect to time ¢. The coupling of the airflow and
temperature is shown by the presence of the [G], [4,], and
[Knar] matrices and the thermal load vector {Psr}. The
solution procedure presented in the following is innovative for
determining large-amplitude limit-cycle flutter response and
stability boundaries from Eq. (13).

Preliminary Process

In Eq. (13), the force vector { P,r} is independent of time
t. The solution of a differential equation with a constant term,
Eq. (13), is thus the sum of a time-dependent homogeneous
solution and a time-independent particular solution, that is,

(Wl={(Wl +{W®n} 14)

where {W}, is the time-dependent homogeneous solution
whose physical meaning is the self-excited dynamic oscillations,
whereas { W}, is the particular solution whose physical mean-
ing is the thermal-aerodynamic static equilibrium deflection.

Substituting Eq. (14) into the system equations of motion,
Eq. (13), the following two sets of equations are obtained?3!:

MAG]+ [K]— [Knar] + %IN1L, + BIN21) (W), = {Par} (15)
1 . . .
= IMI(W ), + 52 [G1 W), + (\A4,] + [K]
wy o

—[Knar] + [IN1]s + [N2]) W} + (IN 2]
+%IN1], + BIN2) W}, =0 (16

where the subscripts s and ¢ to the system nonlinear stiffness
matrices denote that the corresponding matrix is evaluated
with { W}, or {W};. A close examination of Egs. (15) and
(16) reveals the following: -

1) Equation (15) is a set of nonlinear algebraic equations
that yields the thermal-aecrodynamic deflection { W};.

2) Equation (16) is a set of nonlinear differential homoge-
neous (self-excited) equations that yields the limit-cycle mo-
tion { W},.

3) The two equations are coupled between the aerodynamic
pressure (A[4,] and g,[G]) and temperature load ({ Por} and
[Knarl)-

4) Equation (15) has to be solved first to obtain { W },; then
{ W}, can be determined from Eq. (16).

Thermal-Aerodynamic Deflection

Equation (15) can be referred to as a thermal structural
problem with the influence of dynamic pressure A. First the
critical bucking temperature is determined. The equations for
the linear thermal buckling are obtained by neglecting the
thermal bending moment, the nonlinear, and the aerodynamic
terms from Egs. (12) or (15) and they become3-?7-31

(Knlt Wi }s = { Ppar} amn
[Kpl{AW, }s = p([Knar] = INInmI) (AW, )5 (18)

The critical temperature is thus given by AT.(x, y, z)=
wAT(x, y, z), where p, is the lowest eigenvalue from Eq. (18).

For a given combination of dynamic pressure A and temper-
ature ratio AT(x, y, 2)/AT,>1, the thermal aerodynamic
postbuckling deflection can be determined from Eq. (15) by
using the well-known Newton-Raphson iteration method; that
is, at the ith iteration®?7-!

[Kuanli (AW )5 = (AP); (19)
where the tangent stiffness matrix and the error vector are
[Kuanli = NAG] + [K] = [Knar] + [INLL + [N2], 20)
(AP}, = [Par} — (MAL + [K] = [Knarl + N1,
+IN21) (W) @1

The converged postbuckling deflection is updated by {AW; ],
as

{(Wiii)s = [(Wi)s + (AW s 22)

until {AP}; or { AW}, approaches zero. There are three possi-
ble solutions from Eq. (15) with the various combinations of
AT/AT, and A. They are 1) a buckled equilibrium position
that corresponds to { W'}, # 0, 2) a flat equilibrium that corre-
sponds to { W}, =0, and 3) the fact that the solution { W},
cannot be determined, which refers to a snap-through unstable
status of the panel.%3!
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Reduced System Dynamic Equation

The in-plane inertia is being neglected in the formulation in
Eq. (12). Thus, the in-plane displacements, Eq. (16), can be
expressed in terms of bending displacements as

(Wl = —[Kal " "(IN1pls + 2INLI){We ), (23)

and the dynamic equation, Eq. (16), leads to the reduced
system equation which is expressed in terms of the transverse
displacements { W, }, only as

1 . . .
= MW, ), + 221Gl W, ),
@y Wo

+(K], + [K1]y + [K21u){ W}, =0 24
where the linear and nonlinear stiffness matrices are
[K1; = MAg] + [Kp] — [Knar] + [IN1ymls + N2
= N1y Js [Kin 17 N Ly 1 @5
K1l = N2l = IN1pm 1 [Kin ]~ IN L]
— [N1pnls[Kn1 12 [N 1,51, (26)
(K2, = V3IN2]; = Y2 [N 1y e [K] N L] @7

and where [K'1],, and [K2],, depend linearly and quadratically
on {W,},, respectively. The matrices [Nlyn,ls, [N2l;,
[N1y,]s, and [N1,,]s in Egs. (25) and (26) are known since
{ W} has been determined from Eq. (15).

Critical Dynamic Pressure
By dropping the nonlinear terms in Eq. (24), the solution of
the eigenvalue problem is of the form
(W)= (B )e™ (28
where @ = a + iw is the complex panel motion parameter, and
o and w are the panel damping rate and frequency, respec-
tively. It results in the following nondimensional eigenvalue
equation:

k[Mp1{®p} = [K] { P} 29
where the nondimensional eigenvalue is
Q\2 Q
k==(=) —&— (30)
@ wo

The eigenvalue includes the damping coefficient so that the
aerodynamic damping matrix is absorbed into the mass ma-
trix. This is possible since [m;] = [g].>!* The critical dynamic
pressure is determined when the two lowest eigenvalues «; and
K, coalesce to a value of k.14

Limit-Cycle Oscillations

In Eq. (24), the terms [K1],,{ W} }, and [K2],,{ W}, }; con-
tribute quadratic and cubic nonlinearities to the nonlinear
equations. It is known that a nonlinear dynamic system with
quadratic nonlinearity may have nonharmonic motions,
whereas a nonlinear dynamic system with only cubic non-
linearity can have harmonic motions. Examining Eq. (26),
note that all three terms of [K'1],; are depending on { W}, and
also recall that three solutions are possible for the thermal-
aerodynamic deflections from the static equation. Therefore,
a flat thermal-aerodynamic deflection ({ W}, = 0) would lead
to [K1],; = 0 and a limit-cycle harmonic motion for the dy-
namic response from Eq. (24), whereas a thermal-aerodynam-
ically buckled panel ({ W}, #0 and {K1], #0) leads to a
nonharmonic periodic oscillation; when { W}, cannot be de-
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termined, the dynamic system results in chaotic or snap-
through behavior. This further demonstrates the coupling of
the static equilibrium and the dynamic equations, Egs. (15)
and (16). The static thermal-aerodynamic deflection solution
will have great influence on the panel dynamic behavior.

The linearized updated mode with a nonlinear time function
approximation (LUM/NTF) method is employed here in ob-
taining the limit-cycle flutter motions from Eq. (24). This
LUM/NTF approach has been used successfully in the investi-
gation of large-amplitude free and forced vibrations of lami-
nated composite plates’> and nonlinear panel flutter.3-18:2231
The solution to the homogeneous dynamic equation is sought
in the form of

(W), =[P }e¥ €30

where ¢ is a nonzero (scalar) constant displacement amplitude
and {®,} is generally a complex eigenvector. Recognizing
that, in developing the system equation, all of the system
quantities used are real, it must be concluded that the nodal
response quantities must also be real.? These nodal quantities
can be approximated by taking only the real part of the
normalized Eq. (31) as

po ol

= W { |<I>b |COS(6 - ﬁk)}COS wt

{Ws}: (32)

The quantity |(®,), | is the magnitude of the largest transverse
displacement component of the eigenvector {®,}, and §; is
the corresponding phase angle. Next, denote ¢ = ¢e* as the
damped amplitude. Thus, it is clear from Eq. (32) that the sign
of the damping rate controls the stability of the solution.
When « is equal to zero, ¢ =¢ and the resulting solution
corresponds to that of a limit-cycle oscillation. By letting the
normalized eigenvector be

- 1

{‘I’bl=m {1®5 lcos(B — Bi)} (33)
then Eq. (32) becomes
{Wy}: =c{®,}cos wt 34)

In Eq. (34), the dynamic deflection is normalized and scaled to
a given limit-cycle amplitude c. The normalized eigenvector
{®, ]} is then used to approximate the various element nodal

" displacements {w,}, and to evaluate the element nonlinear

stiffness matrices. Reassembling to the system level, the non-
linear stiffness matrices, Eqs. (26) and (27), can be written as

K11y = c[K1]cos wt (35)

[K2}, = c?[K2]cos? wt 36)
where the linearized matrices [K'1] and [K2] have the same
forms as [K'1],; and [K2],, given in Egs. (26) and (27) except
they are using the normalized eigenvector {®;}, Eq. (33), in
evaluating the corresponding element matrices.

The homogeneous dynamic equation, Eq. (24), can thus be
solved by iteration as a linearized eigenvalue problem of the
form

V2 — 32
M1 (@5} = ([Klz +CT K1] +% [K2]>{‘1>b} @37

A more detailed description of the LUM/NTF method is given

- in Refs. 18 and 31. As for the determination of critical dy-

namic pressure A in the linear case (¢ /4 = 0), the large ampli-
tude (¢/h # 0) limit-cycle dynamic pressure A, is determined in
the same way when two lowest eigenvalues «; and «, from Eq.
(37) coalesce to a value of «;.
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Results and Discussion
Discrete Kirchhoff Theory Trianguiar Element

In the selection of a suitable plate element, two factors are
considered to be important: accuracy and efficiency. Several
elements, including the 24-degree-of-freedom (DOF) rectan-
gular plate and the 54-DOF high-order triangular plate, have
been applied to nonlinear panel flutter analyses.2!-23:3! In this
study, a 15-DOF triangular element is used for modeling
rectangular and triangular panels. The bending displacement
vector {wy, } has nine DOF: transverse displacement w and the
derivatives w, and w, at each vertex. The in-plane displace-
ment vector {w,, } has six DOF: in-plane displacements # and
v at each vertex. The plate-bending element adopted in this
study is the discrete Kirchhoff theory (DKT) element.28-30
Batoz et al.?® studied the DKT element and concluded that it is
one of the most efficient and reliable elements in its class for
plates in static bending. In this study, the linear stiffness
matrix is based on the work of Refs. 28 and 30, the mass
matrix is adopted from Ref. 33, and the aerodynamic and
nonlinear stiffness matrices are developed in detail in Ref. 31.
The in-plane displacement functions are simply the linear
functions in x and y. Rectangular panels are modeled as
3 X 8 X 2 half-plate mesh, and triangular panels are modeled
as full-plate mesh as shown in Fig. 1. The dimensions selected
for the panels are ¢ = 12 in. and 4 = 0.050 in., and the material
properties are taken as E = 10 x 109 psi, »=0.3, ¢ =12.5x 10~6
in./in.°F, and p = 0.2588 x 103 Ib-s%/in®. The in-plane dis-
placements at the edges are considered to be immovable, i.e.,
u(0, y)=u(a, y)=v(x, 0)=v(x, b)=0 for rectangular panels.

Temperature Distributions

To study the influence of arbitrary temperature variations
on nonlinear flutter response, three temperature distributions
for rectangular panels, Fig. 1, have been considered. For
nonuniform distributions, maximum temperature is at the
center of the panel and minimum at the edges, which act as
heat sinks:

Uniform
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Fig. 1 DKT finite element mesh.
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Fig. 4 Limit-cycle deflections of simply supported rectangular panels.
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ATs(x, y, ) = Ty sin ™ sin ™y <1 + Z) 39
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where —h/2<z<h/2,0<k <2, and k = 0 corresponds to
the fact that there is no temperature gradient through thick-
ness. In the theory of thermoelasticity there are some restric-
tions on temperature distribution for the exact solutions of
plane stress problems. In reality, the temperature could be
arbitrary, and the plane stress of Eq. (2) could become an
approximation for thin plate.34

Comparison with Time Domain Solutions

To demonstrate the accuracy of the present finite element
formulation, the classic Galerkin/time integration® (using six
linear normal modes) and the present finite element (using one
updated mode) results are shown in Fig. 2 on the relation
of limit-cycle amplitude vs dynamic pressure for a simply
supported square panel at several temperature ratios. The
relation between the uniform temperature change and the
equivalent mechanical force system (R, =R, in Ref. 9) is
—R,/27%* = AT/AT,,. Finite element solutions using the 24-
DOF rectangular element (3 X 8 half-plate mesh) are also
given. It shows the excellent agreement between the finite
element and time domain solutions.

Thermal-Aerodynamic Postbuckling Deflection

It has been known3?' that, before the dynamic pressure
reaches its critical value A\, a panel buckles due to the com-
bined temperature (AT /AT, >1) and aerodynamic pressure,
whereas beyond A, the panel has a limit-cycle oscillation.
Figure 3 shows the thermal-aerodynamic postbuckling deflec-
tions for simply supported rectangular panels with a/b = 0.5,
1.0, and 2.0 at uniform temperature AT/AT, = 3.0 and dy-

_namic pressure A = 0, 100, and 200. This figure shows that the

panel buckles unsymmetrically due to airflow, and the in-
crease in airflow speed will reduce the buckled deflection and

“even blow the buckled panel to flat. In addition, the deflection

shape is in one half-sine-wave for /b = 1.0 and 2.0 and three
half-sine-waves for a/b = 0.5 in the width () direction.
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Limit-Cycle Deflection

The typical panel limit-cycle deflection shapes are shown in
Fig. 4 for simply supported square and rectangular (a/b = 2.0)
panels at uniform temperature AT/AT, = 1.5 and various
limit-cycle dynamic pressures. The maximum panel deflec-
tions are noted to occur at three-fourths of the panel length.
The different limit-cycle amplitudes are excited by corre-
sponding dynamic pressures as shown in Fig. 4.

Maximum Deflection vs Dynamic Pressure

The total panel deflection at x/a = 0.75 vs dynamic pres-
sure for a simply supported square panel at various uniform
temperatures is shown in Fig. 5. The curves on the left-hand
side are the static equilibrium deflections obtained from Eq.
(15) for these curves since the A has not yet reached the critical
value; thus the limit-cycle motion has not started ({ W}, = 0).
On the other hand, the curves on the right-hand side are the
dynamic limit-cycle amplitudes (c/#) obtained from Eq. (16)
or Eq. (24); for these curves the panel has been blown flat
({W}; =[K1],; =0). The discontinuities of some of the
curves for temperature ratio = 2.0 are due to the chaotic
region (see Fig. 6).

Map of Panel Behavior

Figure 6 maps the complete behavior of a simply supported
square panel under uniform temperature change. In Fig. 6,
curve DA is the flutter boundary (A at different tempera-
tures), and the snap-through or chaotic region is bounded by
the curve BAE. With the examination of the static equation,
Eq. (15), the line CAE divides the flat ({ W}, = 0) and the
buckled ({ W}, # 0) regions. In the region above CAE, Eq.
(15) gives a converged trivial solution, {W}, =0, and the
panel is flat. In the region below the curve CAB, Eq. (15) gives
a converged nontrivial solution, { W}, # 0; thus the panel is
buckled. Within the region of BAE, bifurcation occurs and
Eq. (15) fails to yield a converged real solution ({W}; is
undetermined). With the examination of the dynamic equa-
tion, Eq. (16), it is found that there is no flutter motion in the
region below the curve DAB and the panel remains in an
equilibrium position. In the region above the curve DAE, Eq.
(16) gives a converged limit-cycle solution, the panel oscillates
from a flat static equilibrium position ({ W}, =0) with a
self-sustained harmonic motion. In the region of BAE, Eq.
(16) does not give a convergent solution, and also { W}, is
undetermined, thus snap-through or chaotic motion hap-
pens.>*7® The importance of the static equation, Eq. (15), is
that it not only deals with the static equilibrium between
elastic, thermal, and aerodynamic forces, but also determines

the nature of the dynamic solutions due to the coupling of the

two equations. The snap-through boundaries can thus be
traced out by using the static equation, Eq. (15), alone with
increments of temperature and dynamic pressure. In Fig. 6,
the curve DA is a critical flutter boundary obtained from Eq.
(29) or from Eq. (37) with ¢ = 0. With the increase of panel
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Fig. 5 Maximum deflection vs dynamic pressure fbr a siinply sup-
ported square panel with various uniform temperatures.
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Fig. 6 Stability boundaries and limit-cycle amplitudes of a simply
supported square panel with uniform temperature.

flutter amplitude c/A, parallel-like curves can be determined
in the limit-cycle region of DAE and the low ends of these
parallel curves bound the chaotic motion. Suitable methods
such as time integration® and amplitude increment®® are
needed to analyze the nonharmonic periodic motions but
would increase in computation time. It is also found that, at
some combination of moderately large dynamic pressure and
temperature, dynamic instability could happen and Eq. (16)
will not give a converged solution in the iterative process. This
phenomenon was also observed by Dowell in the time domain
solution.”?®

Influence of Temperature on Flutter Response

Table 1 shows the critical buckling temperature, critical
dynamic pressure, limit-cycle dynamic pressure, and thermal-
aerodynamic postbuckling deflection for simply supported
square and rectangular panels at three temperature distribu-
tions (k =0). The following information can be obtained
from Table 1:

1) At the same temperature ratio with different distribu-
tions, the square panel has less differences in flutter response
whereas the rectangular panel has larger differences (but less
than 15%).

2) The critical temperatures are important parameters since
they are quite different as shown.

3) The thermal stress analysis is essential since an equiva-
lent mechanical load is difficult to be found for complex
structures or composite plates.

Effects on Stability Boundaries
Boundary Condition

Figure 7 shows the stability boundaries for simply sup-
ported and clamped square panels under uniform temperature
distribution. It shows that the more restrained panel is more
stable. The minimum critical dynamic pressure, point A in the
figure, of the clamped panel is higher than that of the simply
supported panel.

Thermal Bending Moment

When there is temperature gradient across the panel thick-
ness, it will produce thermal bending moment in the plate.
Figure 8 shows the effects of the thermal bending on the
stability boundaries for a simply supported square panel. The
curves Al and A2 correspond to temperature distribution
ATy(x, v, z), Eq. (38), with k =1 and 2, respectively. The
curve A0 corresponds to a uniform temperature, which is
given for comparison. It can be seen that a higher temperature -
gradient across the thickness stabilizes the panel and reduces
the area of flutter region Although the flutter region is
smaller, the stress lever is hlgher due to the larger buckled
deflection.!

Length-to-Width Ratio

In Fig. 9, the stability boundaries are given for simply sup-
ported rectangular panels with a/b=0.5, 1.0, and 2.0 under
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Table 1 Flutter results of simply supported rectangular panels with different temperature distributions

To 0 <1 — CoS8 zﬁ) <1 — cos m> To sin ™ sin y
a b a b
a/b=1.0
AT 1.766 5.307 3.549
N (@t AT/AT=0.8) 371.093 364.632 368.681
Aer (at AT/AT = 1.2) 309.117 301.275 307.068
N (@t AT/ATy = 2.0, c/h =0.4) 226.500 261.590 225.084
N (at AT/ATy =2.0, c/h =1.0) 399.093 379.139 390.363
Ws/h (at AT/ATg = 3.0, A = 100)2 1.145 1.223 1.191
Ws/h (at AT/ATg = 3.0, A = 180)2 0.967 1.005 0.995
a/b=2.0
ATer 4.428 12.882 - 8.755
N (at AT/ATy = 1.5, ¢c/h =0.6) 536.250 557.889 552.750
N (at AT/ATe = 1.5, ¢/h =1.2) 1108.121 1012.300 1040.625
Ws/h (at AT/AT = 3.0, A = 180)2 1.011 1.161 1.106
Ws/h (at AT/AT = 5.0, A = 300)2 1.365 1.661 1.557

AW, is at the location of x = /2 and y = b/2.
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Fig. 7 Stability boundaries of clamped and simply supported square
panels with uniform temperature.
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Fig. 8 Sta_biiity boundaries of a simply supported square panel with
uniform temperature and AT = (Zp/4)[1 - cosQnx/a)][1-cosQny/
b)) 1+ (kz/h)], k =1 and 2.

uniform temperature. The critical buckling temperature is
1.7665°F (AT.) for the square, 1.1135°F for a/b = 0.5, and
4.4284°F for a/b = 2.0. The panel of higher length-to-width
ratio is much more stable. The curve of a/b = 0.5 is strange
looking. This is due to the change of its deflection shapes from
one half-sine-wave at low temperature to three half-sine-waves
at higher temperature in the width (y) direction.

Triangular Panel
Boundary Condition

Figure 10 shows the stability boundaries for simply sup-
ported and clamped isoceles triangular panels under uniform
temperature. The critical temperature and dynamic pressure
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0 £ v T T
[ 1 2 3 4 H
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Fig. 9 Stability boundaries of simply supported rectangular panels
with uniform temperature.
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Fig. 10 Stability boundaries of clamped and simply supported trian-
gular panels with uniform temperature.

are 4.44°F and 1751 for the simply supported and 12.79°F and
2869 for the clamped triangular panel, respectively. The
clamped triangular panel is certainly more stable than the
simply supported triangular panel, and both are much more
stable than the square panels.

Reversed Direction of Airflow

If a surface consists of triangular panels, the airflow could
affect panels in two ways. Figure 11 shows the limit-cycle
response for a triangular plate under an airflow with reversed
direction. The linear dynamic pressure A, and flutter frequen-
cies for these two cases are the same, although their flutter
modes are different. The limit-cycle dynamic pressures A; are
different upon the effects of large amplitudes (c/hk # 0).
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Fig. 11 Limit-cycle response of a simply supported. triangular panel
with uniform temperature under reversed airflow.

Conclusions

A consistent and unique formulation and an innovative
solution procedure are presented for finite element analysis of
nonlinear panel flutter with effects of temperature. A panel
under different combinations of thermal and aerodynamic
loads can have various behaviors: flat, buckled, limit-cycle
vibration, and chaotic motion. This solution procedure indi-
cates that the static equilibrium of the panel is acquired from
the particular solution and the flutter dynamic response is
obtained from the homogeneous solution of the differential
equation of moticn of the panel. The finite element differen-
tial equations of motion consist of a time-independent thermal
load vector. The system equation of motion is thus separated
into two sets of equations, static and dynamic, which are
coupled and have to be solved sequentially. Using the Newton-
Raphson iteration, the static equation gives the thermal-aero-
dynamic equilibrium position, and with application of the
LUM/NTF approximation method, the dynamics equation
yields the limit-cycle oscillations. The static equilibrium sohu-
tion plays a significant role in panel stability, and it also
influences the characteristics of the dynamic motion. A flat
equilibrium position of the panel leads to a harmonic limit-cy-
cle motion,.and a thermal-aerodynamically buckled panel
would have nonharmonic periodic response or snap-through
chaotic motion. ‘

In general, the thermal stress analysis is necessary for non-
linear panel flutter. The temperature gradient across the panel
thickness, the larger length-to-width ratio, and the more re-
strained boundary support condition will ‘all produce more
stable flutter response.

The DKT triangular element adopted in this study has
proved that this element is accurate and efficient for nonlinear
thermal structural and flutter analyses.
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